Introduction
The (m, n)-Turk's head link is presented by the alternating diagram which is obtained from the standard diagram of the (m, n)-torus link by crossing changes. There are several studies on Turk's head links (cf. [3, 4, 6, 8] ).
It is well-known that the (m, n)-and (n, m)-torus links have the same link type, and hence, their invariants are the same. However, the (m, n)-and (n, m)-Turk's head links have distinct link types ( [8] ) and their invariants are not the same generally.
The Jones polynomials V T H(m,n) and the Alexander polynomials ∆ T H(m,n)
for {m, n} = {6, 2} and {5, 3} are calculated as follows. V T H (3, 5) 
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The Jones polynomials of the (m, n)-and (n, m)-Turk's head links are quite different. Although the Alexander polynomials also look different, their Conway polynomials are similar as follows.
and
We observe that the coefficients of z i in ∇ T H(m,n) and ∇ T H(n,m) coincide or differ by sign. In addition, we calculate the Conway polynomials of Turk's head links for n = 2, 3 as follows. 
Observing these equalities, we prove the following. 
, and
This paper is organized as follows. In Section 2, we review braids, Turk's head links, and the Conway polynomial. In Sections 3 and 4, we prove Theorem 1.1 for n = 2 and n = 3, respectively. In Section 5, we give supporting computational evidence for the conjecture that Theorem 1.1 holds for any n ≥ 2 by the program "knotGTK" ( [9] ), which is the Windows version of the program "KNOT" ( [5] ).
Definitions
A braid is a collection of n parallel strands such that adjacent strands are allowed to cross over or under one another (cf. [1, 2] ). Two braids on the same number of strands can be composed by placing them end to end. The braid group on n strands has a presentation with generators σ 1 , σ 2 , . . . , σ n−1 and the relations
Here σ i is the braid as shown in Figure 1 . In this paper every braid is oriented from top to bottom. n . We denote it by T H(m, n).
ATSUSHI TAKEMURA

Figure 3
We remark that the number of components of T H(m, n) is the greatest common divisor GCD(m, n).
The Conway polynomial ∇ L (z) of an oriented link L is a polynomial on z, which is computed by the following recursive formulas:
where ⃝ is the trivial knot and (L + , L − , L 0 ) is a skein triple of oriented knots or links that are identical except in a crossing neighborhood where they look as in Figure 4 . We often abbreviate We denote by L * the mirror image of a link L. The Conway polynomial ∇ L * satisfies
−∇ L if the number of components of L is even.
The Conway polynomials of T H(m, 2) and T H(2, m)
In this section, we prove Theorem 1.1 for n = 2. 
Proof. Since T H(1, 2) is the trivial knot, we have ∇ T H(1,2) = 1. By the skein relation, it holds that
By the skein relation as shown in Figure 5 , where a crossing in the skein relation is marked by a dot, we have 
∇ T H(2,2) = −z, and ∇ T H(2,m) = ∇ T H(2,m−2) − z∇ T H(2,m−1) (m ≥ 3).
Proof. Since T H(2, 1) is the trivial knot, we have ∇ T H(
Proof. We prove the theorem by induction on m. For m = 1, we have
Hence it holds that a 0 = b 0 = 1 and a i = b i = 0 for i ≥ 1. For m = 2, we have
Hence it holds that a 1 = b 1 = −1 and a i = b i = 0 for i ̸ = 1. Assume that the theorem holds for m = k − 2 and k − 1 with k ≥ 3. In other words, there are polynomials f i and
By Lemmas 3.1 and 3.2, we have
(i) Assume that k is odd. The number of components of T H(k − 2, 2) and T H(k − 1, 2) are one and two, respectively. Hence we have
Therefore the theorem holds for m = k.
(ii) Assume that k is even. The number of components of T H(k − 2, 2) and T H(k − 1, 2) are two and one, respectively. Hence we have
Therefore the theorem holds for m = k. □
The Conway polynomials of T H(m, 3) and T H(3, m)
In this section, we prove Theorem 1.1 for n = 3.
Lemma 4.1. The Conway polynomial of T H(m, 3) satisfies
Proof. Since T H(1, 3) is the trivial knot, we have ∇ T H(1,3) = 1. By the skein relation, it holds that
For m = 3, we have
as shown in Figure 6 . Then it holds that
=∇ T H (3, 3) .
Let P (m) be the link Cl(σ 
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Figure 6
We remark that the numbers of components of T H(m, 3) and P (m) are odd and even, respectively. Then it holds that 3) .
Hence we have
∇ T H(m,3) + (1 − z 2 )∇ T H(m−1,3) + ∇ T H(m−2,3) = ∇ T H(m−1,3) + (1 − z 2 )∇ T H(m−2,3) + ∇ T H(m−3,3) = ∇ T H(m−2,3) + (1 − z 2 )∇ T H(m−3,3) + ∇ T H(m−4,3) = ∇ T H(3,3) + (1 − z 2 )∇ T H(2,3) + ∇ T H(1,
Then we have
Proof. Since T H(3, 1) is the trivial knot, we have ∇ T H(3,1) = 1. By the skein relation as shown in a lower part of Figure 6 , it holds that
For m = 3, it holds that
=∇ T H (3, 3) . 
for m ≥ 4. By Figure 11 , we have
Then it holds that
for m ≥ 4, and
Figure 7
By these equations, we have 
